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Taylor—Gortler vortices in fully developed or
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The stability characteristics of some fluid flows at high Taylor or Gértler numbers
are determined using perturbation methods. In particular, the stability characteristics
of some fully developed flows between concentric cylinders driven either by a pressure
gradient or the motion of the inner cylinder are investigated. The asymptotic
structure of short-wavelength disturbances to these flows is obtained and used as a
basis for a formal perturbation solution to the corresponding stability problem
appropriate to a developing boundary layer. The non-parallel effect of the basic flow
on the condition for neutral stability is discussed. The results obtained suggest that
the disturbances are concentrated in internal viscous or critical layers well away from
the wall and the free stream. The stability of a boundary layer on a concave wall
to Gortler vortices that propagate downstream is also considered. These modes are
found to be more stable than the usual time-independent modes and they propagate
downstream with the speed of the basic flow in the critical layer. Some comparison
with previous experimental and theoretical work is given.

1. Introduction

The primary aim of this paper is to show how boundary-layer growth influences
the growth of Gortler vortices in developing flows on concave surfaces. The existence
of such vortices was predicted theoretically by Gortler (1940) while Gregory & Walker
(1950) demonstrated experimentally the occurrence of this form of instability on the
flap of a Griffith suction aerofoil. The instability arises because of centrifugal effects
and has much in common with the Taylor-vortex instability of fully developed
circumferential flows between concentric cylinders. It is clear, however, that some
difference between the problems must exist because of the developing nature of the
basic flow in which Gértler vortices oceur. Indeed, the non-parallel nature of the basic
flow in the Gortler problem causes the greatest difficulty in formulating a
mathematically tractable and justifiable linear-stability eigenvalue problem. We
shall see in this paper that for vortices having wavelength of the same (or smaller)
order of magnitude as the boundary-layer thickness there is no justification for
making the parallel-flow approximation.

Gortler (1940) investigated the stability of boundary-layer flows on concave walls
by making the parallel-flow approximation and neglecting higher-order curvature
effects. Thus Gortler derived a sixth-order ordinary differential system essentially
identical to the system appropriate to the Taylor-vortex stability equations discussed
by Taylor (1923). These equations were solved approximately by Green-function
methods, and Gortler found that boundary layers on curved walls are unstable at
sufficiently high flow speeds. Moreover, Gortler found a critical value for the
‘non-dimensional parameter @ (essentially a Taylor number) subsequently referred to
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as the Gortler number and above which growing disturbances to the basic state exist.
This critical value of (¢ was found by Gortler to occur at a finite value of the
wavenumber of the vortices.

Himmerlin (1955) solved Gortler’s equations more rigorously and found the
surprising result that the critical Gortler number corresponded to vortices of infinite
wavelength. In an attempt to rectify this situation, Himmerlin (1956) derived and
solved a modified version of Gortler’s equations that included some higher-order
curvature terms. Himmerlin found that this alternative set of equations had the
required property that the most dangerous disturbance occurred at a wavenumber
k # 0. An alternative set of ‘improved’ equations was derived by Smith (1955), who
included not only the higher-order curvature terms retained by Himmerlin (1956)
but also certain terms arising from the non-parallel nature of the basic flow. The
results of Smith’s calculations were essentially identical with those of Himmerlin
(1956). Since that time, numerous authors have investigated various modified
versions of the stability equations of Himmerlin and Smith. A review of the results
of some of these investigations can be found in Herbert (1976) and Floryan & Saric
(1979). In the latter paper, in addition to a comprehensive review of previous work,
the authors determine the effect of suction on Gortler-vortex instability. 1t appears
that at small values of the non-dimensional wavenumbers of the vortices there is no
limit to the disagreement between the different calculations.

We shall show in this paper that this result is due to the effect of boundary-layer
growth. Moreover, we shall show that the parallel-flow approximation universally
applied in previous investigations of Gortler vortices hasno mathematical justification
except at high values of k. We shall therefore develop a formal asymptotic expansion
of the appropriate linear-stability partial differential equations based on the smallness
of the wavelength of the imposed disturbance. The expansion method that we use
has many similarities with the procedure used by Smith (1979, 1980), who investigated
the effect of boundary-layer growth on Tollmien—Schlichting waves in developing
flows.

The surprising outecome of our calculation is that the disturbances at high
wavenumbers are concentrated in internal viscous layers away from the wall and the
free stream. The vertical structure of the disturbances in these layers can be expressed
simply in terms of parabolic cylinder functions, and a simple analytic expression for
the neutral curve at high wavenumbers is obtained. Moreover, non-parallel effects
can be taken care of in a rational way using our expansion procedure.

In order to see how the asymptotic structure of the high-wavenumber disturbance
equations depends on the precise nature of the basic flow we shall first of all return
to the classical Taylor-vortex problem and the related problem discussed by Dean
(1928). The latter author investigated the stability of pressure gradient driven flows
between concentric cylinders and found that such flows could also be unstable to
Taylor vortices. Thus in §2 we shall investigate asymptotic approximations to these
problems for the case when the vortices have wavelengths small compared with the
separation of the cylinders. We shall see that the nature of the disturbances in this
limit depends crucially on the basic circumferential flow V(r). It is found that the
disturbances are concentrated in thin viscous layers centred on the position where
|V 7’| has its maximum value. Thus in the Taylor problem the viscous layers are at
the inner cylinder, while in the Dean problem they are in the interior of the fluid.
In fact the structure of the disturbance velocity field in the Dean problem suggests
the form of the corresponding velocity field in the boundary layer case.

In §3 we shall use the asymptotic procedure formulated for the Dean problem in
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§2 to investigate high-wavenumber Gortler vortices in growing boundary layers. In
§4 we discuss the results obtained in §3 and their relevance to the available
experimental results.

2. Fully developed flows

In this section we investigate the short-wavelength asymptotic structure of the
centrifugal instabilities of two fundamental flows between concentric cylinders of
radii B and R+d. The first problem has a basic eircumferential flow driven by the
steady motion of the inner cylinder about its axis, while the outer cylinder is held
fixed. In the second problem, first considered by Dean (1928), the basic flow is driven
by a constant pressure gradient in the circumferential direction. We shall refer to the
former and latter problems as the Taylor and Dean problems respectively.

For convenience we restrict our attention to the case whend/R < 1 but, apart from
simplifying the analysis, there is no great difference between this limit and the
finite-gap case. The basic flows set up in the two problems are susceptible to Taylor
vortex instabilities for which the perturbation velocities are all proportional to
exp t{z/¢c}, with ¢! a non-dimensional wavenumber, while z is the axial variable scaled
on d. The appropriate linear-stability equations are well known (see e.g. Dean 1928;
Chandrasekhar 1958; Stuart 1963) and can be written in the form

d2 2 .
[62@— 1] u=eTVv, (2.1a)
d? av
2 — 2y,
[e i 1] v=¢€*u &’ (2.1b)
du
L hiw = A
edy+1,w 0, (2.1¢)
together with the boundary conditions
u=v=w=0, y=0,1. (2.2)

Here u, v and w are suitably dimensionless velocities in the radial, azimuthal and
axial directions, while the radial variable y is scaled on d such that the inner and outer
cylinders correspond to ¥y = 0 and y = 1 respectively. We are concerned only with
neutrally stable perturbations, so that there is no growth rate appearing in (2.1). The
parameter 7 is the Taylor number defined by

_2vnde
T= R’

(2.3)

where Vp, is the speed of the inner cylinder in the Taylor problem and the mean basic

circumferential fluid velocity in the Dean problem. The function V(y) appearing in
(2.1) is the basic circumferential velocity field, and is given by

V=" =1-y (2.4)

in the Taylor problem and V = Vi(y) = 6y(1 —y) 2.5)
in the Dean problem.

The eigenrelation ¢ = ¢(T") specified by (2.1) and (2.2) can be solved numerically
to determine the neutral curve in the (e, T)-plane. In figure 1 we have shown the
neutral curve for Dean’s problem, and we see that for 7' > T, = 2581 there is a finite
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FiGURE 1. A comparison between the neutral curve for the Dean problem and its asymptotic
approximation at high wavenumbers.

bandwidth of unstable disturbances. In fact it is believed that there exists an infinite
sequence of neutral curves, the nth neutral curve having a minimum value of 7' = T,
greater than T,, and the neutral curves are ordered such that T, > T,, > T, ...
The eigenrelation for the Taylor problem has similar properties, but clearly the values
of T,,, T, ete. in this case are different.

Our concern here is with the asymptotic structure of the right-hand branches of
these neutral curves and the corresponding eigenfunctions. This structure will be used
in §3, where we shall then be able to determine the effect of boundary-layer growth
on Gértler vortices. The right-hand branches of the neutral curves correspond to small
values of ¢, so, following Meksyn (1946), we consider the limit ¢ = 0, in which case
it is natural to seek a WKB solution of (2.1) with

u=EZ% ec"u,(y), (2.6a)
0
v=FKEX ¢"v,(y), (2.6b)
0
w=EX% ec"w,(y), (2.6¢)
(1}
i (v
where E =exp p; K(6)d6.
Yo

Here y, is some constant in the interval [0,1] while K(8), w,, u, etc. are to be
determined. For small values of ¢ the dominant terms on the right-and left-hand sides
of (2.1b6) balance if T~ ¢~* and U/V ~ O(e~2). We therefore expand T in the form

T=YA,e" 4", (2.6d)
(1}
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then K(6) is determined by equating terms of order €* in (2.1), after first substituting
the above expansions into (2.1). We obtain the equation

(K2+1pP =2, V7, (2.7)

which gives six possible values for K. However an examination of the structure of
the eigenfunctions corresponding to the six roots of (2.7) shows that only real values
of K lead to acceptable solutions of the stability equations. Such a result can also
be inferred from the results of Meksyn (1946).

The condition that (2.7) should have some real roots imposes a condition on the
velocity field V(y) and a further condition on A,. We can see directly from (2.7) that
real values of K can only occur in regions where V'V’ is negative and

Ay > —{VV )k (2.8)

where {VV"} i, denotes the minimum value of V'V’. In the Taylor problem VV’ is
negative, except at y = 1 where V is zero, while in the Dean problem V'V is negative
only in (},1). Moreover, in the former problem real values of K exist only in the
interval [0, y¥] for any A, satisfying the above inequality and where y§ = 1 —Ag ! In
the Dean problem the corresponding interval is [yF, y¥], where y§, y¥ are roots of the

equation 36y(1—y) (1—2y) = — Ay (2.9)

in the interval (1, 1). Thus a difference in the structure of the WK B solutions for the
two problems is already apparent and could have been anticipated on the basis of
Rayleigh’s criterion for inviscid flows. We shall return to this point later.

The WKB solutions fail when the real roots of (2.7} coalesce, so turning points will
exist near g, y¥ and y¥. These turning points are of the first order and the structure
of the disturbances in € neighbourhoods of each turning point can be found in the
usual way in terms of Airy functions. All the eigenvalues resulting from the WKB
solutions necessarily have A, > —{V V'L, and it is found that an infinite number
of eigenvalues A, exists in each problem. We note that if A, = —{V V'};L, the turning
point in the Taylor problem has moved to y =0, while in the Dean problem
yf = y¥ = {1 + /4. In both cases the WK B method breaks down, since there is now
no finite interval where (2.7) has real solutions. We shall see below that when
A, = —{V V"L, solutions of the original disturbance equations can still be constructed
and are the most dangerous modes available.

We note, however, that in the Dean problem when yf = y¥ the appropriate
transition interval corresponds to a second-order turning point and so the interval
is of thickness et. Thus in this interval the velocity field will be expressed in terms
of parabolic-cylinder functions, while in the Taylor case the turning point at y = 0
remains of the first order so that Airy-function solutions occur. Thus the structures
of the most dangerous modes in the two problems are quite distinct and result from
the manner in which Rayleigh’s criterion is violated in each problem.

We recall that for a circumferential velocity field (0, V(r), 0) the flow is inviscidly
unstable if V?/r increases towards the centre of curvature of the streamlines. In the
present small-gap case it follows that locally the velocity field V(y) violates Rayleigh’s
criterion the most where | V' V| has its greatest value. In the Taylor problem this occurs
at y =0, while in the Dean problem it occurs at the interior point where
y¥ = y¥ = {1+ +/%). Thus we expect that short-wavelength Taylor vortices will be
localized near y = 0 in the Taylor problem and near y = {(1++/3) in the Dean
problem. It remains now for us to work out the details for each of these problems
for the case Ag = —{V ¥V }pin; the WKB solutions will be omitted for the sake of
brevity but are available on request from the author.
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We first consider the Taylor problem, in which case it is convenient to eliminate
u from (2.1) and (2.2) to give

d2 3
{ezzgl—z—l:l v = —eT(1 —y)o, (2.10a)

@ d |, &
”—@—@{edjf‘}””o’ y=0,1. (2.10)

We now expand the Taylor number in the form

T=c*1+y,é+ ...},

and define the variable £ by £= %
We then write v = vo(€) + v, (£)+ ... (2.11)

and substitute this expression into (2.10a). If we then equate terms of order € after
replacing y by £€83% we obtain
dv
—Jg—;—gvo+yl 3%, = 0.

The solution of this equation that is bounded as £ - o0 is
v, = C Ai (§—7,379), (2.12)

where C is an arbitrary constant. This solution does not satisfy the required boundary
conditions at y = 0. Thus it is necessary to look for another boundary layer embedded
inside the e layer. The appropriate layer is of thickness €, so we define the variable
Y by

Y =ye 1,
and in this layer we expand v in the form

v=@eV(Y)+éV()+....
We now substitute this expression into (2.10) and equate terms of order € to give
d2 3
_a*V, &V, dV,

b=y =av ay -

0 (Y=0). (2.13b)

The solution of (2.13) that does not grow exponentially with Y is
Vo = ag+a, Y +exp [— (3 cos 5m) Y]{a, sin (3! sin fym) ¥ +a; cos (3% sin &m) Y}

We can choose a,, a, and a, in terms of a, such that the required conditions at ¥ = 0
are satisfied. For large values of ¥ we see that V, ~ Y, so that matching with (2.11)
can only be achieved if Ai(=7;3-h =0, (2.14)

which gives an infinite sequence of eigenvalues {y,,} corresponding to the zeros of
the Airy function on the negative real axis. The most dangerous mode of instability

has 7 given by T=e41+33724+ .. .). (2.15)
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For large values of m the eigenvalues can be approximated by
2(3y1m)t ~ mm—1}, (2.160)
and the Taylor-number expansion then takes the form
T=e1+e[@}nm—DE+ ...} (2.16b)

For such modes the disturbance is strongest for £ ~ m4, so the higher modes become
concentrated progressively further away from the inner cylinder. In between the wall
and the region £ ~ m} the disturbance is almost periodic and decaying slowly in
amplitude towards the wall. In fact, when m ~ €~! the analysis breaks down and the
WKB expansion must be used.

We now return to the Dean problem and find the asymptotic form for the most
dangerous linear disturbances. We recall that the WKB formulation for this problem
fails when y is equal to either of the roots of (2.9) lying in (3, 1). These roots coalesce
at y = {1+ /3 when A, = 1 +(24/3)7, and in the neighbourhood of this point the
disturbance velocity field is expressed in terms of parabolic-cylinder functions. We
first write B X

T=ecYug+p e+ ...4, (2.17)

and define the variable by

| 1 =Ry =31+ Vil (2.18)

We now replace V in (2.1a,b) by 6y(1 —y) and then write the two differential equations
in terms of the variable 7. The functions » and v are then written as

w = {uy(n) +ebuy () + ...}, (2.19a)

v = eH{uy(n)+ e, () + ...} (2.19b)

where we have anticipated that «/v ~ O(¢~?) in this region. At order ¢’ we find that
u, and v, must satisfy the equations

Uy = foVy, Vo = 2V 3y,

and so for a consistent solution of these equations we must choose g, = (24/3)71. At

order ¢ we obtain
Uy = o U1+ 1 Vo — 2V 3 ity ¥y,

v, = 24/ 3 u, + 1279u,,
and for a consistent solution of this system we must choose x#; = 0. At order ¢ we
find 2w
Uy = po Uy —2v/3 77/‘0”1'*‘277722'*'/‘2”0—6772/‘0 Vo>

d?v,
vy = 24/ 3 uy+129u, + ar
These equations can be simplified by replacing %, by pg,v, and u, by
{ o vy — 24/ 3 povo}. The resulting linear equations for u, and v, have a consistent
solution if Lo. 2
dﬂ;+%/¢2 vy — 6920, = 0, (2.20)

which is the parabolic-cylinder equation. This equation has a set of solutions that
decay as 5| = oo if pu, is given,

Yo = fon = 23[}+7n] (n=0,1,2,...), (2.21)
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and then 1 is given by
Vo=Von = e Vir Hen((24)%77)

where He, is a Hermite polynomial. It follows from (2.17), (2.21) that the most
dangerous linear mode has a Taylor-number expansion

6——4

T=2v3

{14+3v6€e+ ...}, (2.22)
for small values of €. For large values of = the disturbance velocity field spreads out
and becomes strongest near 7 = + nt and is almost periodic between these points. If
n is taken to be of order ¢! the present formulation breaks down and the WKB
method must be used.

The asymptotic structure derived above for the Dean problem will in §3 form the
basis for an asymptotic description of short-wavelength disturbances in boundary
layers. Thus, following the suggestion of an anonymous referee, we have in figure 1
shown the two-term asymptotic approximation to the neutral curve. There seems
little doubt that our asymptotics adequately describe the most dangerous form of
instability at small wavelengths. We cannot, however, use this curve to assess the
range of validity for a similar asymptotic description of the Giortler problem. Indeed
it is not clear that a unique neutral curve for all wavenumbers should even exist in
the Gortler problem, since the neutral curves given by previous investigators result
from approximations that cannot be justified. The results shown in figure 1 would
suggest that, if a unique neutral curve does exist for the Gortler problem, then at
O(1) wavenumbers the asymptotics would probably only give qualitative information
about the instability. The referee also made available to the author the results of a
numerical investigation of the Taylor problem at large wavenumbers. The numerical

results supplied suggest that lim 7'¢* ~ 1-04, thus giving a check on (2.15).

€0
Finally we close this section with a brief discussion of how the expansions (2.15)

and (2.22) compare with the corresponding expansions of the Rayleigh number B in
terms of the wavenumber a for the related Bénard convection problem. In the latter
problem the differential equation to be solved is simply (2.10a) with 1—y replaced
by 1, which gives a differential equation with constant coeflicients. Thus the basic
flow is equally unstable everywhere in (0, 1) and so the disturbances for large a are
not concentrated in boundary layers. If free-surface conditions are applied aty = 0, 1
then the eigenrelation of the most dangerous mode can be written in the form

2 4 6
R= a4{1+§"7+3—’}+"—},
a a

pr (2.23)
which is exact and does not have the same form as (2.15) or (2.22). If rigid boundary
conditions are used then the velocity field has boundary layers of thickness a™! at
y = 0,1. In between these layers the disturbance is periodic and the expansion of the
Rayleigh number takes the form

R = atf,(a)+ O(a?), (2.24)

where fy(a) is of order a® and satisfies a transcendental equation. Thus, as pointed
out to the author by the referee, a unifying feature of the Bénard, Taylor and Dean
problems (also, as we shall see in §3, the Gortler problem) is that at high wavenumbers
the stability parameter in the neutral case is proportional to the fourth power of the
wavenumber. The higher-order dependence on the wavenumber varies between the
problems, as does the zeroth-order structure of the disturbance.
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3. Gortler vortices in a growing boundary layer

We consider a fluid flow over a section of a concave wall having constant radius
of curvature R. If we now take [ to be a typical length measured along the curved
wall, then we define 5=IR™, 3.1)

and we assume that d<1.
We choose dimensionless variables s and § such that

s=6'0"1,
{=—{r—R},

where (7', 8, 2’) are cylindrical polar coordinates with ' = 0 corresponding to the axis
of the cylindrical surface. We now suppose that a high-Reynolds-number flow is set
up over this surface. For definiteness we assume that a second cylindrical surface is
present at r = R—1I and that at 6 =0 a flow with constant velocity V§ in the
azimuthal direction enters the channel. If the Reynolds number Re, defined by

Vgl

14

Re

is large, then boundary layers scaled on Ee™: will be set up at each wall, together with
an inviscid core flow. We focus our attention only on the boundary layer on the outer
wall, and define a variable y by y = Ret:

then for Re > 1 and § <€ 1 the basic flow in this boundary layer has velocities » and
v in the y- and s-directions given by

VL: = vg = Vo(§)+O0(Re 4, 9), (3.20)
75 = Retug = ReHTy(, )+ O(Re L ), (3.2b)
0

where £ = y(2s)7%, and U,, V, satisfy
Vo=f(&), Uy={fiE)—&f(£)} (25)%.

Here f(§) satisfies the usual ordinary differential system

FHE =0,
JO =) =0, fleo)=1.

The inviscid core and the other boundary layer play no role in the analysis that we
give here and so we do not describe them further. However, it follows that the analysis
which we give applies directly to any flow over a concave surface that leads to a
velocity field of the form (3.2).

We now perturb the flow in the boundary layer near { = 0 such that the disturbed

flow is u

7= ReYHug+yUly,s, 2 t)}, (3.3a)
0

)
% =vptyV(y.s.21), (3.3b)
Ve

w

— = Rem:yW(y, s,2,1), (3.3¢)

ox
V3
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where 2 is a dimensionless axial variable scaled on the boundary-layer thickness such
that z =2 I"'Re}

and ¢ is a non-dimensional time variable scaled on IV ¥~1. Suppose next that the
Navier—Stokes equations written in cylindrical polar coordinates are rewritten in
terms of the dimensionless variables y, s and z, and u, v, w are replaced by (3.3). If
we equate terms of order vy in the resulting equations we obtain

—oU — _ _ _
— T Uyy+ U+ B+ GV, V =[—(U,U),+ V, U+ VU, ]+O(Re1,8), (3.4a)
—av , o =~ e = L
— Vot Vet UV, = [=Uo Vy+ Ty Vot Vo ]+ 0(Re 4, 8), (3.4b)
~ oW - . o
—5 T Wyt Weem o= (= U Wy + Vo Wil +O(Re 4, 9), (3.4¢)

—U,+ W, =—[V,]+0(5), (3.4d)

where P, the pressure perturbation corresponding to (U, V, W), is scaled on Re ™.
The parameter G is the Gortler number given by

G = 2Reét 5, (3.5)

which is first held fixed while Re* - 0 and § — 0. We shall shortly consider the second
limit ¢ — o0. The range of validity of our expansions will be discussed later. The terms
in the square brackets above represent the effect of boundary-layer growth and we
see that the presence of the terms involving s-derivatives of U,, U ete. causes the
linear-stability problem for a disturbance periodic in z to be a partial differential
system in the three variables ¢, ¥ and s. Thus there is no mathematical justification
for ignoring these terms or, alternatively, as is often the case, ignoring only those
involving s-derivatives of U, V and W.

However, we now show that by taking the further limit @ - o0 we can obtain a
formal asymptotic expansion to this system. The essential idea is that when ¢ - o
the terms in the square brackets only enter the hierarchy of resulting differential
systems at higher order. This enables us to solve these systems by Fourier expanding
in 2z, so that only ordinary differential systems are encountered. We stress that such
a procedure can only be carried out if the terms of order Re% 8 in (3.4) remain
negligible compared with those which are retained. This is in fact the case and we
return to this point later.

Suppose next that U, V, W and P are all taken to be proportional to ¢%¥/¢, where
€71, the non-dimensional wavenumber of the disturbance, is large. In the absence of
the terms on the right-hand sides of (3.4) these equations are similar to those
appropriate to fully developed flows in curved channels. QOur experience in §2 shows
that the required asymptotic expansions depend crucially on the position where ¥, ¥,
hasits maximum value. For the Blasius boundary layer this quantity has a maximum

at =g+ =153, (3.6)

s0 we must base our expansions on those used in §2 for the Dean problem. Thus we
focus our attention on the region of thickness e centred on £= £+ in which
O(U) = O(e¢~2V). It follows from the equation of continuity that O(W) = O(e*#U) and
from the z-momentum equation that O(P) = O(e~tU). We now define the variable 5

oy n=eHE—E), (3.7a)
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so that in (3.4) we must replace 8/0y by (2se)~:d/dn and 8/0s by

0 —[£+ey) O

s 25 Oy
In view of the fact that the boundary layer is growing with s, there is some ambiguity
about how we should define neutral stability (for a discussion of this point in
connection with the Tollmien—Schlichting mode of instability for the Blasius boundary
layer see, e.g. Gaster 1974 ; Smith 1979). Since the disturbance has a lengthscale O(¢)
in the z-direction we can expect that the spatial growth rate of a Gortler vortex is
on a lengthscale such that 02/022 ~ 3/0s ~ 1/€* in (3.4). Thus we assume that U, V,
W, P are all proportional to E, where

E==exp{ﬁ+~%J%[ﬂa¢r+éﬂa¢>+..Jd¢}, (3.7

and the growth rate (8,+e€!B,+ ...) is to be evaluated. We may assume that in the
initial stages of the 1nstab1hty ﬂo, B, etc. are all real and U, V, W and P are
independent of time. The ambiguity in the condition for neutral stability arises
because U, V, W and P have different dependences on the slow variable s. Thus if
we expand U, V, W and P in the form

U= {U,yy,s)+eU, (77,8 )+ ...} E+C.C, (3.8a)
= {e2Vy(n,s)+etV,(n,8)+ ...} E+C.C,, (3.8b)
= {etW,(n,s)+eW,(n,8)+ ...} E+C.C., (3.8¢)

= {e"4P(y, s)+ P(n,8)+ ...} E+C.C,, (3.8d)

replace G' by the expansion
= e Ygo+eig, +egy+ ..., (3.9)

and take V evaluated at # = #*, z = z* to be a representative disturbance quantity,
then the relative change of V with respect to s is

aV/aS ﬂo+€%1+ﬂ2+ I:ﬂ3 5%/57}(7}*,;’)5*]

v 2sVy(n*
Thus for neutral stability we must choose the first four #; such that
6 V
fo=hi=hr=0. B=2 0t 98" [25V0%s), 3.10)

and the last condition clearly depends on #* and would, of course, be different if we,
say, choose W to be the representative disturbance quantity. However, since our
principal aim is to discuss the neutral case we will set f, = f, =, =0 in the
following analyses. This considerably reduces the amount of algebra to be carried out.
The coefficients g,, . . . appearing in (3.9) are functions of s to be determined such that
the flow is locally neutral at the location s. Alternatively we could take g,, g, etc.
to be given and then find s = s(e, G) such that the flow is neutral at this location.
We now expand ¥V, and U, in the neighbourhood of £+ by writing

= Vh+egVi+enVi+ ..., (3.11a)
28y HUL +etUsm+en?Ud+ ...}, (3.11b)

. o, 010,
where Ve =(h agj"(gﬂ, U= () ag].°(g+). (3.11¢)

A
U, =
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We now substitute the expansions (3.8), (3.9), (3.10) into (3.4) and equate like powers
of ¢t after replacing 0/0y by (2s€)~2d/0n and 8/ds by

0 —[EY+ey] 0

Os 2set o’
If we restrict our attention to the first four terms in the expansion of (3.4) we obtain
AU, =0 (3.12a)
[ Volgi Vit 9,V i}
2V Uy/(28)t (3.12b)
AU, = NV o2 (;)/ ’
L 0
1 1
2 Uoppt 7o (s )% op T Vg1 Vi + 19, Vil + Hln*ge Vi + 19V 1+ 92V 6o}
AU, = 29V Uy/ (2804 302U, V s/ (28)i + sV, (3.12¢)
Wopn/ 28
| 0
-1 i 4
{% 1”"+ﬂ 7t Va(@1V o+ 901V 31) +Vi(go 72V 52+ 911V §1+ 92V 50)
—Bs Uy VEH+Vo@s Vo +g.Vainta. Ve n*+1 390V 33)
+
+g°° Uy, + °°§+U0 }
AU, =| (2 3.12d
: {(2_;7)% UyVi—Bs VoV + 17,1;/23+ ”) U,V ( )
477 U, V& E*
( )i U Vi + 00V +—= 9 Voy
{Wlm,/23+ U W07,/23+ Vi §+W07, /25— Vo s Wy}
L 0 N
where U; = (U}, V;, W;, B)T, and the matrix A is defined by
1 —gVEk 0 0]
—Va
1 0
Al | @ 0
B 0 0 1 i (3.13)
(28)4 _

It remains now for us to solve (3.12a—d) successively in order to determine the
coefficients in the expansion of the Gortler number. In each of these systems, the first
and second components of the equation are solved for U; and V}, and then the third
and fourth components determine the corresponding functions 7 and W;.

The first and second components of (3.12a) give two homogeneous equations for

U, and ¥, that are consistent if

(2s)t
Voo Vi’

Jo =

(3.14)
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which thus determines the first term in the expansion of the Gértler number. The
functions U,, F,, W, can then be written in the form

294V, —iV, v,
0 Vg.l ’ 0 Vg_l > 0 Vg_la (3 15)

where Vj is to be determined at higher order. We now consider the solution of (3.125),
which can be evaluated by first of all eliminating U, from the first two component
of this equation to give

9:VaVailo + 7Ve
(29 VeV
We now use the fact that V(&) V(£) has a maximum at £ = £+, which means that

the coefficient of 41} in the above equation is zero, so that a consistent solution of
the first two components of (3.12b) exists only if

VEE+2VEVEY = 0. (3.16)

9:=0. (3.17)
The solution of (3.124) can then be written in the form
U, = (Iz,?j v+ (12,2%77 Vo, (3.180)
W, =—{%+igg’}n, (3.18b)
A= {%w“%}n (3.18¢)

where V, is to be determined at higher order.

If we now consider the first two components of (3.12¢) we find that these two
inhomogeneous equations for U, and ¥, have a consistent solution only if
Py [V i

) M

Sy 75 g ViV 25, = (3.19)
VOO Vg‘l

If we now define the variable 6 by

vV va
- :
R NN (3.20)
+ P+
and set a=— g2 Vfo Vo, , (3.21)
6 [ _<E+L3%>T
Vio V&
then we see that V, satisfies the parabolic-cylinder equation
2
6605’—%021/},—a1/}, =0, (3.22)

and if we impose the condition that the disturbance is confined to the ¢t layer we must
choose @ = —3—m, where m is a non-negative integer. This condition determines the
infinite sequence of eigenvalues

_ = (V&/Vah+ Va/ Vi) G+ m)
92 = Gem = V(To V(T} .

(3.23)
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The most dangerous mode (corresponding to the minimum value of g,) is clearly g,,.
The eigenfunction corresponding to the eigenvalue g,,, is given by

Vo = Vom(0) = 717 He,, (), (3.24)

where He,, is a Hermite polynomial. The solution of (3.12¢) can then be written in
the form

2 (Vi  2VE
Uy =00 Vi Vet VomrH{ — S H 2 28 L4V gy o+ Wi Vs, 3250
—iU,
We=—gat (3.25b)
. )
By = iWy =5 Wy, (3.25¢)

We now consider the solution of (3.12d), which we determine by eliminating U, and
V; between the first two components of this equation to give

0%V, Ve, Vi
S 2| G Vg ViV v s,
00 1
={30ssVa—VHVa9s %(23)%} Vom +8(n,s), (3.26)

which, apart from the inhomogeneous terms on the right-hand side, is identical with
(3.9). The function S is odd in 8 if I}, is even, and vice versa. In this case (3.26)
can only have a solution if 9

(2s)
gs = V—&ﬂa,

so that if we are interested in the neutral case then it follows from (3.10) that

_ o _V2st +{ [V_Srz V(Ta]};‘ Vom (6%)
I = bom = SV T VLS Vol .21
+ + Nk
where o* = 8}77*{_8[[[;_;:4'5—;:]} . (3.28)

The procedure described above can in principle be continued to any order in ¢, but
we shall not do so here. We note that (3.27) gives the first non-parallel flow effect
on the position where the Goértler vortex is neutrally stable. We further note that
the above analysis can be done without first setting g, = #, = #, = 0. In such a case
we would take the coefficients g¢,, ¢, etc. to be given, and instead of obtaining
eigenrelations of the form (3.23) we would obtain equations determining f£,, 8, ete.
in terms of g,, g, etc. The expansion up to order € in G that we have just derived
is valid for =2 < Re < 8~ ¥. The upper limit of this range increases if fewer terms
in the expression of G are retained.

4. Discussion of results

Suppose that the quantities V{, V§; ete. that appear in (3.14), (3.23) and (3.27)
are replaced by their numerical values obtained by integrating the nonlinear equation
for f(£§). We find that the mth linear mode with wavenumber ¢! is neutral at the
location s if the Gortler number @ is given by

591

@ =6m == {s%+0-96[1 +2m]e+ (4.1)

116V, (0%) s el + .. }
Vom(60%) ’
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First mode
-8 =T =6 -5 4 3-2 <1 pp i T 56 7 g>°¢
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0-6} Second mode
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02}
B e S 2 3 4 56 738"

Third mode

F1eURE 2. The first three disturbance eigenfunctions for the Gértler problem.

and the most dangerous disturbance clearly corresponds to m = 0. In figure 2 we have
shown the first three eigenfunctions V,(8), V4(6) and V,,(6), and we see that the
number of vortices associated with each mode increases with m. In fact the
asymptotic analysis given in §3 becomes invalid when m = O(¢~1), and the WKB
method must be used to describe such modes. These modes have critical layers of
thickness €? located O(1) distances either side of £ = £*. The solutions in these layers
are in terms of the Airy function Ai and in between the layers there is a third region
where the solution is almost periodic, but smaller in magnitude by O(e?). Above the
upper critical layer and below the lower critical layer the disturbance is exponentially
small, so that the disturbance is again trapped in the interior of the fluid.

We shall now concentrate on the most dangerous linear mode and introduce a local
Gortler number G/ defined by

%45 ls>é Is

G, = 2( 7= 04 (4.2)

If we then define the local wavenumber ¢;! by

€. = es‘%, (43)

§
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then we see that (4.1) with m = 0 can be written in the form
591

a
es

0) —
GO =

{14096, —0-580%ct + .. ). (4.4)

Here we have used the fact that Vy,/V,, = —16*. We see that the non-parallel-flow
effect, manifested through the O(e!) term, can either increase or decrease G,
depending on the sign of 6*. If measurements are made below the critical level 6* = 0,
then the correction term is positive and G{? is greater than the value given by the
parallel-flow approximation, which retains only the first two terms in (4.4). We note
that, if a flow quantity other than the normal velocity component were used, then
a slightly different form for the 0(6‘%) term in (4.4) would be found. However the
z-velocity component and the pressure have zeros at 6% = 0, so that the relative
change of these quantities would become infinite there, and so we do not consider
stability criteria based on these quantities. The downstream velocity component leads
to a value of G identical to (4.4) if it is taken as a representative flow quantity.

We notice in (4.4) that the order e term becomes increasingly important for large
values of 0*, so that at the edge of the critical layer, where 6* ~ ¢;%, the second and
third terms are comparable. However, if measurements are made at the centre of the
critical layer the O(e}) term is zero, and the first non-parallel flow effect appears at
order 2. Thus, depending on where in the flow field the local stability criterion is used,
the non-parallel-flow effect in (4.4) can vary by O(e,). It would seem sensible to
perform experiments with 6* = 0 so that non-parallel-flow effects are in some sense
minimized.

The above discussion explains why it is not easy to interpret the available
experimental results, which are due to Tani & Sakagami (1962) and Bippes & Gortler
(1972). It is not clear from either of these papers what were the appropriate stability
criteria used by the respective authors. However, Bippes & Gortler measured the three
components of the disturbance velocity field, so we can at least see if our disturbances
have the correct shape. In figure 3 we have compared our results with those of Bippes
& Gortler for G, = 157-3 and Is/R = 0:475. The value of ¢, corresponding to this value
of ¢/, can be evaluated approximately by retaining only the first term in (4.4), to give
é; = 0-66. The theoretical and experimental results have both been normalized to give
a downstream velocity component with maximum value 1. The agrcement between
the results seems reasonable except perhaps for the discrepancy betwecn the
measured and predicted z-velocity components. This discrepancy is possibly due to
finite-amplitude effects and/or the size of €571 being too small to allow the first term
in (3.8) to describe the flow field accurately. Nevertheless, the similarity between the
observations and our theoretical predictions encourages us to belicve that the
asymptotic solution has some application in regime of physical interest. ‘

In figure 4 we have shown the dependence of G{ on ¢, for 6* = 0 and 6* = 1. The
latter value corresponds to the local stability criterion being applied below the critical
layer. The difference between these curves demonstrates the non-parallel-flow effect
on the Gortler number. In figure 5 we have shown the neutral curves predicted by
(4.4) at relatively low values of ¢;!. The three theoretical curves shown correspond
to taking 6* = 0, —2, and —4 in (4.4). The experimental results of Bippes & Gortler
and Tani & Sakagami lie in the shaded region of this figure. We see that the neutral
curves corresponding to #* decreasing move closer to the experimental results. In the
absence of any knowledge of the stability criterion used by the above authors, the
significance of this result is not clear.

In figure 5 we have also shown the theoretical results of Gortler (1940) and Smith
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i Azimuthal velocity perturbation
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Fieure 3. A comparison between the experimental (———) and theoretical ( ) eigenfunctions.
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F1GURE 5. A comparison with previous theoretical and experimental work.

(1955). The latter authors were concerned with external-flow boundary layers, but
the lowest order terms in this case are identical with those given in (3.4). Gortler was
interested primarily in the regions & ~ O(1) and solved the stability problem
obtained by ignoring all the terms on the right-hand sides of (3.4). Smith (1955) solved
similar equations but included some of the terms on the right-hand sides of (3.4).
Neither set of equations corresponds to a rational approximation to (3.4) if G ~ O(1).
The equations solved by Gortler were later solved more accurately by Himmerlin
(1955), and in a subsequent paper Himmerlin (1956) solved the equations obtained
by retaining some of the higher-order curvature terms in (3.4). Clearly none of these
procedures can be justified, but we note that the neutral curves of Smith and Gortler
lie close to our curves for sufficiently small values of ¢;. This is not surprising, since
in this case the equations solved by Gértler and Smith give the first two terms in
an expansion of the Gortler number in terms of ¢, identical with the first two terms
of (4.4). However, neither approximate set of equations leads to a term similar to
the order ¢ term in (4.4). It would therefore seem that the present asymptotic
formulation of the problem provides the first rational framework for investigating
the effect of boundary-layer growth on Gortler vortices. The similarity of our
approach to that used by Smith (1979, 1980) to investigate Tollmien—Schlichting
waves in growing boundary layers is worth noticing. We further mention that several
authors apart from those discussed above have solved various reduced forms of (3.4)
with the aim of obtaining a neutral curve having a critical wavenumber at a finite
value of e¢,. Without exception, these reduced equations do not take account of
boundary-layer growth and therefore cannot be justified. It seems likely that the
problem of determining what happens to the neutral curve when ¢;' - 0 can only
be resolved by a numerical investigation of the partial differential equations (3.4).

We now turn to the question of how the vortices develop into finite-amplitude
motions. Bippes & Gortler (1972) have observed experimentally that further down-
stream from the location where the vortices are first observed the flow becomes
time-dependent. Moreover, the vortices then become almost periodic in nature and
are very similar in appearance to wavy-vortex flows observed between concentric
cylinders. The ‘waviness’ of the vortices appears to increase with s, and ultimately
the flow becomes turbulent. We expect that the nonlinear stage during which the
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wavy vortices appear must be described using a weakly nonlinear theory of the type
used so successfully for the Taylor problem by Davey, DiPrima & Stuart (1968). We
do not pursue such a calculation here, but at least make a first step towards
understanding the wavy-vortex regime by determining whether the disturbances
investigated in §3 can be modified such that the Gortler-vortex structure propagates
downstream with some speed. It seems that such three-dimensional modes have not
been considered previously, and there is no obvious reason why they should be more
stable than the modes considered in §3. However, on the basis of the experimental
results of Bippes & Gortler (1972) and the experience of previous investigators of the
Taylor problem we expect that this is not the case.

The first step in investigating such modes is to decide on appropriate scales for the
s- and t-dependence to be introduced into (3.7b). If the s- and t-dependences are to
balance in some sense, then from (3.4) we require that 8/0t ~ 0/0s. After some trial
and error we find that the most rapid variation with s that can be incorporated into
the expansion procedure of §3 is such that 0/8s ~ e~1. We therefore define a new
variable S by

S =eis,
and the appropriate time variable 7' is defined by
T= ¢4t

We now look for perturbations to the basic flow of the form (3.8) but with iz/¢ in
(3.7b) replaced by {z/e+kS—QT}. We again assume for simplicity that
Bo = P = B, =0, and find the Gortler number @ at which a disturbance with fixed
transverse and downstream wavenumbers ¢! and ke~? and fixed frequency Qe—# is
neutrally stable. The expansion (3.8) is retained, and the procedure of §3 is repeated.
At first order we find that g, is again given by (3.14), while at order ¢t we find that
¢, = 0 and that the constants k¥ and Q must satisfy the equation

V0+0k = Qv

so that the three-dimensional modes propagate downstream with the speed of the
fluid of the basic state in the critical layer. Thus for the Blasius boundary layer the
wave propagates downstream with a speed equal to 0-67 times that of the free-stream
speed. At order € we find that ¥, the first-order velocity component in the s-direction,
satisfies the equation

62110 2 32 Vgﬁ + U+ i_ 4 +
one +2sy Vi + = Vot+3g. Voo Viu(2s:—dikns Vi V, = 0,
Ui 00 o1

and this equation must again be solved subject to the condition V;, = 0, ly| = c0. If
we now define the variable %’ by

77’=7;—ikV+/3{V—°+2+—°+3}
MR TS

then we find that ¥, satisfies (3.19) but with 7 replaced by %" and g, by

4 (28)k2V §, [_;{2_ Y&]‘l
17 A NN

Thus the disturbance with transverse wavenumber ¢~1, downstream wavenumber
ke~% and frequency Qe~1 is neutrally stable at the location s if

G =G = ij—l {s4€[0-96(1 + 2m) + 0-21stk2] + O(e})},
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so that the travelling-wave disturbances are more stable than the stationary
disturbances considered in §3.

Finally we note that the discussion in §3 is easily modified to allow for the concave
surface having curvature K(s) dependent on s. The only essential difference in this
case is that the coefficient of ¢ in (3.4} is then multiplied by K(s). The subsequent
analysis is unchanged except that & is then replaced by GK(s).

The author acknowledges the useful comments on a first draft of this paper made
by J. T. Stuart. The author is also grateful to the referee who supplied the numerical
results described in §2 and for his other constructive comments in connection with
§2.
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